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Abstract

Deep neural networks exhibit a simplicity bias, a
well-documented tendency to favor simple func-
tions over complex ones. In this work, we cast new
light on this phenomenon through the lens of the
Minimum Description Length principle, formaliz-
ing supervised learning as a problem of optimal
two-part lossless compression. Our theory explains
how simplicity bias governs feature selection in
neural networks through a fundamental trade-off
between model complexity (the cost of describing
the hypothesis) and predictive power (the cost of
describing the data). Our framework predicts that
as the amount of available training data increases,
learners transition through qualitatively different
features – from simple spurious shortcuts to com-
plex features – only when the reduction in data
encoding cost justifies the increased model com-
plexity. Consequently, we identify distinct data
regimes where increasing data promotes robust-
ness by ruling out trivial shortcuts, and conversely,
regimes where limiting data can act as a form of
complexity-based regularization, preventing the
learning of unreliable complex environmental cues.
We validate our theory on a semi-synthetic bench-
mark showing that the feature selection of neural
networks follows the same trajectory of solutions
as optimal two-part compressors.

1 INTRODUCTION

Several works point to the simplicity bias exhibited in the
training of deep neural networks [Arpit et al., 2017, Valle-
Pérez et al., 2018, Shah et al., 2020, Mingard et al., 2025].
Put simply, simplicity bias refers to the tendency of learning
algorithms such as stochastic gradient descent (SGD) to find
solutions that encode “simple functions.” In this paper, we

take the view that the notion of simplicity bias is captured by
the Minimum Description Length (MDL) principle [Grün-
wald, 2004, 2007]. The MDL principle formalizes simplicity
from the lens of lossless compression: we can describe a
dataset with as few bits as possible if we have a model that
accurately predicts the data (i.e., minimizes the negative
log-likelihood) while requiring minimal bits to encode the
model itself (i.e., by leveraging the structure in the data). In
this paper, we revisit simplicity bias in neural networks by
studying whether optimal compression serves as a predictive
theory of neural network behavior. We then characterize the
resulting implications of this theory for out-of-distribution
(OOD) generalization.

A large body of work on simplicity bias in neural networks
has focused on supervised learning in the presence of spu-
rious features: latent properties of inputs that are easy to
extract and use for prediction, but are unreliable. For ex-
ample, consider the problem of classifying images of birds
as “water-based” or “land-based” as introduced in Sagawa
et al. [2020]. The background of the image (the presence
or lack of water) often co-occurs with its corresponding
label, offering an appealing shortcut that a machine learning
classifier can easily exploit to achieve good performance
in-distribution, but which leads to poor predictions if the
spurious co-occurrence disappears in a shifted test distribu-
tion. In contrast, a human labeller might rely exclusively
on a bird’s phenotypical characteristics, classifying images
accurately even when a water bird is on land. Studies point
to the fact that when learning predictive models from a static
dataset, a preference for simple functions can be a curse,
leading to models with poor generalization under distribu-
tion shift due to their reliance on spurious features [Geirhos
et al., 2020, Teney et al., 2022, Vasudeva et al., 2023].

This paper contributes to our understanding of the inter-
actions between learning under simplicity bias and OOD
generalization. Concretely, we focus our MDL predictive
theory on heterogeneous data sampled from a mixture of un-
derlying distributions that we refer to as environments. We
vary relevant properties of heterogeneous data – the amount
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of training data available, the complexity and predictiveness
of different features, etc. – and use our theory to predict
which features a learned model will use in each data regime.

We summarize the following contributions:

• We formalize supervised learning under simplicity bias
as two-part lossless compression, following the MDL
principle. We operationalize our predictive theory us-
ing prequential coding: a tractable method for approxi-
mating the complexity of a function.

• We show how simplicity bias gives rise to a dy-
namic feature preference that depends on the amount
of training data available. Under this compression
paradigm, learners behave as MDL-optimal compres-
sors, shifting between distinct solutions when the re-
duction in data encoding cost outweighs the increase
in model complexity.

• We provide empirical evidence on heterogeneous semi-
synthetic datasets demonstrating that our MDL-based
framework accurately predicts the OOD behavior of
learners, validating it as a quantitative theory for pre-
dicting generalization failure modes in limited data
regimes.

Code to reproduce our experiments is available at
https://github.com/3rdCore/complicity.

2 THEORY

In this section, we formalize the connection between sim-
plicity bias and data compression. We first cast supervised
learning as a two-part lossless compression problem in Sec-
tion 2.1, where the learner needs to jointly minimize training
error and model complexity. We then analyze in Section 2.2
how the MDL-optimal solution shifts across data regimes,
showing that the dominant hypothesis transitions from sim-
ple, low-cost solutions to more predictive but complex ones
as the amount of training data grows. Finally, in Section 2.3,
we focus this analysis on the robust learning setting, where
we identify two antagonistic scenarios that delimit a robust-
ness window as a function of dataset size.

2.1 LEARNING AS OPTIMAL TWO-PART
COMPRESSION

Consider a dataset of i.i.d. samples DN =
{(x1, y1), . . . , (xN , yN )} sampled from an unknown
distribution p∗(x, y). We further assume that the distribu-
tion p∗(x, y) factorizes as a mixture

∑
e p

∗(e) p∗(x, y | e)
over discrete environments e ∼ p∗(e). Each environment-
specific distribution p(x, y | e) reflects potentially different
associations between spurious features in x and the
label y. Since this paper aims to study the interactions

between compression and OOD generalization, we focus on
distribution shifts arising from changing p∗(e) at test time.

We adopt the MDL perspective, where learning is equivalent
to finding the shortest description of the training datasetDN .
In our supervised setting, the corresponding compression
task consists of encoding the labels y given the input x. In
the two-part version of the MDL principle, we compress
the labels sequentially by entropy-coding each y using a
candidate conditional probabilistic model p(y | x) selected
from a hypothesis classM. Because we don’t know a priori
which model inM was used to encode the data, the model
itself must be encoded as well. The two-part MDL procedure
consists then of two steps:

1. Model Encoding: We first encode the model p itself.
The shortest description length of p is given by its
Kolmogorov complexity, denoted K(p). Kolmogorov
complexity implies optimal compression, but if some
other coding strategy c is used to encode the model,
then we can denote the description length of the model
under c as Lc(p). We will see in Section 3.2 how we
can compute Lc(p), using a method called prequential
coding.

2. Data Encoding: Using the model p, we then encode
each label at a cost of − log2 p(y | x) bits, using meth-
ods categorized as entropy coding.

Consequently, the total cost to encode the dataset DN using
a candidate model p is:

J (p,DN ) = Lc(p)︸ ︷︷ ︸
model cost

+
∑

(x,y)∈DN

− log p(y | x)

︸ ︷︷ ︸
data cost given model

(1)

To characterize the learning dynamics in a way that is inde-
pendent of a specific dataset realization, we model neural
networks as MDL-optimal compressors in expectation. In
this idealized view, we denote by L the learner that selects
the model p ∈M which minimizes the expected two-part
description length over datasets of size N drawn from the
true distribution p∗.

By taking the expectation over the data-generating process
DN

iid∼ p∗, the objective function decomposes into inter-
pretable information-theoretic quantities:

EDN∼p∗

LL(p) +
∑

(x,y)∈DN

− log p(y | x)

 (2)

= LL(p) +N · E(x,y)∼p∗ [− log p(y | x)] (3)
= LL(p) +N · Ex∼p∗(x) H(p∗x, px) (4)

= LL(p) +N · Ex∼p∗(x)

[
H(p∗x) +DKL

(
p∗x∥px

)]
(5)

where px = p(· | x) and p∗x = p∗(· | x). H(p∗x) is the
entropy of the labels under the true conditional distribu-
tion – the irreducible epistemic uncertainty in the labels –



and DKL(p
∗
x∥px) is the average amount of excess bits re-

quired to encode a label y ∼ p∗x using px instead of the true
conditional p∗x, measuring the misalignment between the
hypothesis and the true conditional distribution.

Since H(p∗) is constant with respect to p, the learner effec-
tively solves:

p̂N = argmin
p∈M

[
LL(p)︸ ︷︷ ︸

model cost

+N · Ex∼p∗(x)DKL(p
∗
x∥px)︸ ︷︷ ︸

excess data cost

]
(6)

This formulation explicitly quantifies the trade-off between
model complexity1 and average goodness-of-fit. Because
this objective is a linear function of N , the optimal hypoth-
esis p̂N necessarily shifts qualitatively as the volume of
training data grows. We provide a visual illustration of this
phenomenon in Figure 1. This compression-centric view pro-
vides a principled account of how data scarcity (through
N ) and the characteristics of different candidate predic-
tors p ∈M (through LL(p) and DKL(p

∗
x∥px)) govern the

preference of an MDL-optimal learner.

2.2 ANALYSIS OF LEARNING REGIMES

Recalling that the idealized learner L chooses the model
with the shortest total codelength, the decomposition above
shows how the learner’s preference for a solution p shifts
as the amount of training data N increases (see Figure 1):
the total expected description length is the sum of a fixed
bit-cost LL(p) and a variable bit-cost that grows linearly
with the amount of data N . Depending on the data regime,
different components of the total description length domi-
nate:

• Low-Data Regime: The fixed cost LL(p) dominates.
The learner prioritizes models with short description
length (i.e., simpler models) even if they only incom-
pletely capture the structure in the data. This can result
in overfitting – memorization of the few training data-
points – or reliance on simple spurious features.

• High-Data Regime: The variable linear cost of encod-
ing labels N · Ex∼p∗(x)DKL(p

∗
x∥px) dominates. The

idealized learner L is driven to minimize the condi-
tional Kullback-Leibler (KL) divergence for all x in the
support of p∗(x), selecting the most predictive model
p∗x (or its closest approximation inM), regardless of
its complexity. Despite learning the true generative pro-
cess in the limit of infinite data, this can also result
in reliance on complex environment-specific features
that may not be robust under distribution shifts (e.g.,
observations under a novel environment at test time).

1LL depends on L, since the learning algorithm can contain ar-
bitrary prior knowledge about the task in its primitives that impact
the description length of p.

The analysis above shows how the MDL-optimal compres-
sor’s preference is not fixed: it depends on the dataset size
N . As N grows, preference shifts from simple, rudimentary
hypotheses toward more predictive but complex ones. As-
suming modern learning algorithms behave as MDL-optimal
compressors [Goldblum et al., 2023, Wilson, 2025], this ob-
servation has direct implications for practitioners because
in many real-world tasks inputs carry multiple predictive
features – some causal and robust to distribution shift, others
spurious and environment-dependent – and the learner im-
plicitly chooses among them. Selecting features that gener-
alize beyond the training distribution is notoriously difficult,
precisely because spurious features can be both simpler and
sufficiently predictive of the training data. Our framework
suggests that this selection is governed by a compression
trade-off: the feature the learner relies on at any given N
is the one whose corresponding model minimizes the total
description length. This perspective offers a principled ac-
count of what drives feature selection across data regimes,
and can be used to predict when a learner will favor robust
features over spurious shortcuts, or vice versa. In Sections 3
and 4, we empirically test these predictions on a controlled
benchmark.

2.3 IMPLICATIONS FOR ROBUST LEARNING

Now that we have introduced the objective function of our
idealized learner L and discussed how this formulation ac-
counts for feature selection across data regimes, we next
discuss its implications for robust learning.

Recall that inputs x are generated from a mixture of environ-
ments e ∈ E , each inducing different correlations between
features and labels. In this setting, x simultaneously car-
ries (i) causal features (e.g., feather, spout, claw) that are
invariant across environments, (ii) simple spurious features
(e.g., ocean texture) whose correlation with labels varies by
environment, and (iii) environment-specific signatures from
which e itself can potentially be inferred. Each type of fea-
ture gives rise to a qualitatively different predictive model,
and the compression framework in Section 2.1 prescribes
which one the idealized learner selects at a given N . We
now discuss the compression trade-off for three archetypal
models that span this feature spectrum:

• Robust Model (probust): Uses only invariant, causal
features (e.g., animal attributes). Moderate complexity,
but generalizes across environments.

• Bayes-Optimal Model (pbayes): Integrates all available
information and predicts via the posterior predictive
distribution:

pbayes(y | x) =
∑
e∈E

p(y | x, e) p(e | x)

This achieves minimal empirical error, but can fail
under distribution shift.



   

Figure 1: (a) In a supervised setting, some features causally relate to the label (e.g., phenotypical characteristics), while
others are spurious (e.g., background of the image). A Bayesian solution leverages all available features. (b) Total expected
compression cost as a function of training dataset size N . Each line represents the two-part description length of a candidate
model. The MDL-optimal learner selects the model achieving the lowest total cost at each N , inducing transitions between
qualitatively different solutions as the amount of data increases.

• Spurious Model (pspur): Uses simple, non-robust fea-
tures (e.g., background textures) and marginal envi-
ronment probability p(e). Low complexity, but fails
under distribution shift. The spurious model is a degen-
erate Bayesian model: when the environment cannot
be inferred from x, the predictor defaults to using the
marginal pspur(y | x) =

∑
e∈E p(y | x, e) p(e).

We consider two opposing scenarios relevant to practitioners.
In each, the causal solution appears either as a simple solu-
tion with limited predictiveness, or as the most predictive
but also more complex solution. For each scenario, we esti-
mate the total description length of competing solutions and
test whether, as we sweep across data regimes, the predicted
solution of our idealized learner – i.e. the one that yields
the lowest total description length – matches the neural
network’s learned solution, as reflected by shifts in feature
reliance and generalization performance (see Figure 1).

Scenario A: Spurious vs. Robust solution In this sce-
nario, the robust model probust is the most predictive can-
didate for modeling the data, but it is also more complex
than available spurious solutions (LL(probust) > LL(pspur)
but DKL(p

∗∥probust) < DKL(p
∗∥pspur)). This is the classic

“shortcut learning” case where a simple feature (e.g., a back-
ground texture), usually benefiting from strong environment
imbalance, arises as a “good-enough” predictor within the
amount of training data.

• Behavior: At low N , the idealized learner favors pspur
because its low description cost LL(pspur) outweighs
its higher divergence DKL(p

∗∥pspur). The transition to
the robust model only occurs once N is large enough
to pay for the complexity overhead of probust. Said dif-
ferently, increasing N makes the selection of the robust
model increasingly appealing.

• Transition Dynamics: The amount of data required
to reach the robust regime increases with the complex-
ity gap LL(probust) − LL(pspur), and decreases as the
predictive advantage of robust features over spurious
ones grows, which can be achieved for instance by
increasing the diversity of training environments.

Scenario B: Robust vs. Bayes-Optimal solution In this
scenario, the comparative advantage of the robust model is
reversed: it is not necessarily the most predictive model, but
stands as a simpler alternative to the more complex Bayes-
optimal model pbayes that uses all available latent features in
the input x to infer the environment e and achieve minimal
empirical risk.

• Behavior: If the Bayes-optimal solution is significantly
more complex – for instance, because environment in-
ference requires extracting complex background fea-
tures – then at low N , the marginal predictive gain of
pbayes does not yet justify its higher description cost
LL(pbayes). However, as N → ∞, the learner will in-
evitably transition to the best predictive model pbayes,
which may fail under OOD conditions such as unseen
environments.

• Transition Dynamics: The amount of data re-
quired to transition away from the robust regime
to the Bayes-optimal one increases with the com-
plexity gap LL(pbayes) − LL(probust), and decreases
with the predictive advantage of environmental cues
DKL(p

∗∥probust)−DKL(p
∗∥pbayes).

Taken together, these two scenarios illustrate the nuanced
role of simplicity bias, where the interplay between model
complexity and predictive power determines the appropriate
data regime for robustness. Specifically, Scenario A defines
a lower bound Nmin on the data required to overcome sim-
plicity bias and rule out spurious shortcuts, while Scenario B



defines an upper bound Nmax beyond which the learner will
sacrifice robustness for the superior predictive power of a
more complex, environment-dependent solution. Ultimately,
this information-theoretic perspective underscores that sim-
plicity bias is a double-edged sword: it can either hinder
generalization by favoring shortcuts or promote it by ruling
out overly complex environment-dependent hypotheses.

3 EXPERIMENTAL SETTING

In this section, we now aim to empirically test the hypothesis
that neural networks behave as MDL-optimal compressors
as posited in Section 2. Our goal is to test whether the data-
regime transitions predicted by our theory, i.e. the crossover
points where one hypothesis begins to yield a shorter total
description length than another (see Figure 1b), line up with
empirical shifts in feature reliance and generalization per-
formance of a trained neural network. To this end, we first
(i) introduce a semi-synthetic visual benchmark where we
can precisely control aspects of the data-generating process,
such as feature complexity and predictiveness. We then (ii)
show how to estimate the total compression cost (3) of a
candidate model p in practice. Finally, we (iii) present eval-
uation metrics for feature reliance used to confirm whether
the learned model pN relies on specific features as predicted
by our theory.

3.1 BENCHMARK DESIGN

To validate our theoretical framework, we design a semi-
synthetic visual task derived from Colored MNIST [Ar-
jovsky et al., 2020] (see Figure C.1 for examples): The task
is to predict whether a handwritten digit is smaller or greater
than 5 where each sample is drawn from a mixture of dis-
crete environments. Every input simultaneously carries three
types of features: (i) the digit shape, the causal determinant
of the label; (ii) an environment-dependent color applied
to the digit that spuriously correlates with labels; and (iii)
a binary watermark drawn from an environment-specific
bank of K random patterns embedded in the rightmost pixel
column of the image. The predictiveness of each feature is
controlled by independent noise parameters, and the bank
size K directly controls the complexity of the watermark
feature. See Section C for the full data-generating procedure
and the role of each parameter. By varying these knobs, we
explore the full span of scenarios identified in Section 2:

• Scenario A: Spurious vs. Robust solution The spu-
rious color signal acts as an easily exploitable short-
cut; it is simpler to encode than the robust digit fea-
tures (LL(pspur) < LL(probust)), despite usually being
less predictive of the label. This specifically mirrors
cases where the environment is not directly inferrable
from the input, but a skewed marginal environment
distribution p(e) allows the learner to achieve decent

predictive performance through a trivial feature (e.g.,
water⇔ water-bird). This allows us to study simplic-
ity bias in its most common form: the preference for a
trivial but non-robust signal over a more sophisticated
causal mechanism.

• Scenario B: Robust vs. Bayes-optimal solution Wa-
termarks (drawn from environment-specific banks) act
as highly predictive features, but complex to learn since
exploiting them requires memorizing an arbitrary num-
ber of distinct watermark patterns. Here, our theory
predicts a protective effect: the learner is prevented
from exploiting these signals until N is large enough
to justify the high encoding cost of LL(pbayes).

3.2 ESTIMATING THE TOTAL COMPRESSION
COST

With the benchmark defined, we now describe how the MDL
predictions are computed. The two-part MDL objective (3)
decomposes into a fixed-cost and a variable cost, and one of
the main challenges is to find tractable methods to estimate
these two components for any p. We detail the estimation
procedure for each component below.

Fixed cost: LL(p) The candidate predictors pspur, probust,
and pbayes introduced in Section 2.3 are abstract objects
defined by the features they exploit. To obtain a concrete
instantiation whose description length can be computed, we
operationalize each candidate pfeature as a neural network
pN trained on a custom dataset DN , where all variables
except feature are randomly shuffled, which guarantees
that only feature gets extracted in the process. When a
model is obtained through a learning procedure, its descrip-
tion length LL(pN ) can be tightly estimated via prequential
coding [Blier and Ollivier, 2018]. In this view, simplicity
relates to ease of learning: a simple model is one that can
be learned quickly – with just a few samples. Its description
length corresponds to the cumulative excess log-likelihood
on unseen data incurred before the model has enough train-
ing data to converge, which requires N to be large enough
in practice. We provide the full derivation in Section A.

Variable cost: N ·E(x,y)∼p∗ [− log p(y | x)] The variable
cost corresponds to the expected number of bits required to
encode labels sampled from the true distribution p∗ using
the model p, it corresponds to the remaining intrinsic ran-
domness of the data that cannot be modeled by p. In practice,
we compute this quantity using the empirical cross-entropy
loss of the candidate model p evaluated on a held-out test
set Dtest sampled from p∗:

E(x,y)∼p∗ [− log p(y | x)] ≈ 1

|Dtest|
∑

(x,y)∈Dtest

− log p(y | x)

Finally, for each candidate model p, it is also possible to
estimate the fixed and variable costs of intermediate models



{p1, · · · , pN} that have not yet converged. We provide a
detailed explanation in Section B. Intuitively, those inter-
mediate models have absorbed fewer bits of structure from
the data, yielding lower complexity but higher compression
rate; together they define an envelope of compression lines.

3.3 EVALUATION METRICS

In order to detect the phase transition in the learning proce-
dure, we develop a set of metrics designed to quantify the
model’s reliance on specific input features through evalua-
tion on custom OOD datasets.

1. Accuracy on held-out data: We evaluate the
model’s performance across different data distribu-
tions. Training and Validation respectively
track memorization and ID generalization ability of
the trained model. We introduce Digit, Color and
Watermark test sets, where the label correlates exclu-
sively with a single feature, measuring the model’s
reliance on that specific feature. By breaking the
correlation between the label and complementary fea-
tures, these tests measure OOD generalization under
targeted covariate shifts.

2. Permutation feature importance: We assess model
reliance on each feature by randomly shuffling the val-
ues of a single feature of interest (e.g., digit, color, or
watermark) across the test set, breaking its correlation
with the label while preserving its marginal distribu-
tion. The accuracy gap, defined as the drop in accuracy
between the original and permuted datasets, quanti-
fies how much the model depends on that feature for
prediction.

4 RESULTS

In Section 4.1, we present a side-by-side comparison of
the MDL-optimal compression view and the empirical be-
havior of trained neural networks on Scenarios A and B,
directly testing the core claim of the paper: that the feature
transitions predicted by the compression envelope coincide
with empirical shifts in feature reliance. In Section 4.2, we
provide quantitative evidence that varying feature predictive-
ness and complexity impacts feature selection as predicted,
supporting our central hypothesis.

4.1 DISSECTING A SINGLE EXPERIMENT

We begin by examining Scenarios A and B, where the same
task is modeled both as a problem of optimal compression
and as a problem of learning. For each scenario, we compare
the preferences of an MDL-optimal compressor side-by-
side with those of a trained neural network. The results are

reported in Figure 2. We provide a detailed description of
the experimental setup in Section D.

Compression view We first estimate the total description
length for a set of candidate predictors and their intermediate
interpolations, each corresponding to a distinct feature
type. The fixed cost LL(pfeature) is estimated with pre-
quential code length on a custom dataset as explained in
Section 3.2, while the variable cost N ·E(x,y)∼p∗ [− log p(y |
x)] is estimated via cross-entropy on the original test dataset.
Plotted on a log-log scale (Figure 2a), the resulting compres-
sion lines reveal for any given dataset size N which solution
locally yields the shortest description length and show the
predicted transition point (vertical marker) where the MDL
envelope shifts from one dominant feature type to another.
In this envelope, each line corresponds to a model that ex-
tracts the corresponding feature with increasing accuracy:
for example, there is a range of models that extract digit fea-
tures, going from lossily extracting some simple geometric
primitives to learning the full subtlety of handwriting.

Learning view In parallel, we train randomly initialized
neural networks for different training dataset sizes N . We
then evaluate them alongside the solutions selected by the
MDL-optimal compressor on the set of metrics described
in Section 3.1. These metrics reveal which feature those
models actually rely on at each data regime (Figure 2b–c).
We provide additional details about model class, optimizer
and training in Section E.

Alignment Comparing both views, we highlight two find-
ings. First, the hard transition predicted by the compression
envelope – i.e. the dataset sizes at which the MDL-optimal
solution switches from one dominant feature to another –
coincide precisely with the empirical transition in feature
reliance. Second, while the OOD performance of the theo-
retical solution matches that of the neural network on the
dominant feature, our current framework evaluates candi-
date models that exploit strictly disjoint subsets of features.
Consequently, the idealized MDL solution exhibits discrete
transitions in feature reliance (Figure 2b), entirely discard-
ing a previously favored feature. In practice, however, neural
networks shift continuously between features. In the data
regime surrounding a transition, there may exist a hybrid
model that partially exploits the complex feature while still
leveraging residual signal from the simpler one, leading to a
gradual crossover around the predicted transition point.

4.2 VARYING TASK CHARACTERISTICS

In this second part, we now study the effect of varying key
task characteristics such as feature complexity and corre-
lation strength on the feature selection behavior of neural
networks, and compare the observations with the predictions
derived from our theory. Results are summarized in Figure 3.
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Figure 2: Comparison of the compression view and the learn-
ing view for Scenario A and B. (a) Compression envelopes
on a log-log scale: each line shows the total two-part descrip-
tion length of a candidate predictor as a function of dataset
size N . (b) Accuracy on held-out datasets as a function of
N : solid lines are empirical measurements, dashed lines are
reported metrics of the MDL-optimal solution. (c) Permuta-
tion feature importance (accuracy drop after shuffling each
feature): a higher drop indicates stronger reliance on that
feature.

For each configuration, we extract two scalar statistics:

• Theoretical transition Ntheory: the dataset size at
which the MDL compression envelope switches be-
tween different feature types, i.e. the point where the
two-part codelength of one feature-based predictor falls
below that of the competing one.

• Empirical transition Nempirical: the dataset size at
which the trained neural network’s dominant feature re-
liance switches, detected as the crossover point where
the accuracy gap of one feature overtakes the other.

Effect of feature predictiveness: In both scenarios, reduc-
ing the predictiveness of a feature lowers its compression
rate advantage over the competing solution, causing the
transition to occur earlier. In Scenario A, we vary the noise
on the spurious color/label correlation: a noisier spurious
feature increases its per-sample bit-cost, so the idealized
learner abandons it sooner and Ntheory decreases (Figure 3a).
Symmetrically, in Scenario B, as the predictiveness of the
robust model decreases, the gap in compression rate be-
tween the robust and the Bayes-optimal model increases.
This widening gap rapidly eclipses the robust model’s ini-
tial cost advantage, causing the transition point Ntheory to

decrease (Figure 3a).

Effect of feature complexity: Finally, in Scenario B we
vary the number of distinct watermark patterns the model
must learn to exploit the complex watermark/label corre-
lation, which necessarily inflates LL(pbayes). Concretely,
larger banks should delay the transition away from the ro-
bust regime: Ntheory increases (Figure 3b).

Results show that Ntheory and Nempirical correlate well across
all configurations, with a Pearson correlation of 0.976, es-
pecially considering the noise in the estimation of the cross-
over points and model complexity LL(p). This supports that
our MDL-based theory captures the main factors driving
feature selection across data regimes.

5 DISCUSSION

Simplicity and generalization As we noticed in the ex-
periment Section, simplicity bias does not necessarily pro-
mote nor prevent generalization. Paradoxically, in low-data
regimes, it can encourage overfitting and reliance on spu-
rious shortcuts as the ‘most compact’ explanation for the
finite set of samples2 (Figure 2). Importantly, this is not a
failure of the learner: from the MDL perspective, memoriza-
tion is the rational solution when the available data are too
few to justify the description cost of any structured model.
As the number of samples grows, however, the cumulative
extra-cost in bits of memorizing samples or using a subopti-
mal model p becomes increasingly unbearable, eventually
forcing the learner to switch to more predictive competing
models, regardless of their inherent complexity.

A complexity-based regularization An important impli-
cation arises when the robust model is not the most predic-
tive candidate – a common scenario where spurious features
are highly predictive within the training distribution. In such
cases, a more complex Bayes-optimal model incorporating
these non-robust features would achieve a lower compres-
sion rate asymptotically. However, our theory predicts that
a simplicity-seeking learner will not select this complex
environment-dependent model while the dataset size N re-
mains below a theoretical threshold: as long as the marginal
predictive gain of the Bayes-optimal solution does not offset
its higher description cost LL(p). This is precisely what we
observe in Scenario B, where reliance on the robust digit
feature (Figure 2c, green line) peaks in the intermediate data
regime before the model abandons it in favor of the more
predictive but more complex Bayesian solution. Paradoxi-
cally, limiting the amount of training data can act as a
form of complexity-based regularization: a constrained
data budget keeps the learner in the regime where simpler

2although the No Free Lunch theorem suggests that no learning
algorithm likely provides generalization guarantees in such low-
data regimes
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Figure 3: Empirical vs. theoretical transition point N for varying task characteristics. Each point is one experimental
configuration; the dashed line is the identity Ntheory = Nempirical. (a) Reducing the predictiveness of a feature increases its
compression rate disadvantage, causing the transition to occur earlier. (b) Increasing the complexity of a feature inflates
its description cost, causing the transition to occur earlier. In both cases, the proximity to the diagonal indicates that our
MDL-based theory accurately predicts the observed feature switch as measured by our proxy.

robust mechanisms are favored, because the more predictive
alternatives remain unaffordable from a compression stand-
point. Finally, our framework also suggests a compression-
theoretic rationale for pretraining: through unsupervised
exposure to diverse environments, a pretrained model has
already absorbed, for free, bits of structure about the data
into its weights, which lower the operational description
cost LLpretrain(probust) before fine-tuning begins, making com-
plex solutions accessible at smaller dataset sizes [Hendrycks
et al., 2019].

6 RELATED WORK

This paper adopts an information-theoretic perspective on
machine learning, grounded in the established equivalence
between statistical learning and lossless compression [Shan-
non, 1948, Rissanen, 1978, Chaitin, 2002]: to comprehend
the underlying structure of a dataset is identical to compress-
ing that dataset into a more efficient representation. This
duality has birthed an information-theoretic paradigm for
model selection with applications to robust machine learn-
ing: the Minimum Description Length (MDL) principle
[Grünwald, 2007].

This paper relates most closely to a line of papers that empir-
ically analyze the tendency of NNs to prefer simple features
for prediction, referring to this phenomenon as simplicity
bias [Rahaman et al., 2019, De Palma et al., 2019], and their
implications for ID and OOD generalization. The simplic-
ity bias of neural networks presents a fundamental duality:
while it is an instrumental mechanism for ID generalization,
it is simultaneously the root cause of systemic failure of
OOD generalization. On the one hand, SB relates to robust
ID performance by favoring the discovery of underlying

patterns and preventing memorization or the learning of
redundant features [Arpit et al., 2017, Valle-Pérez et al.,
2018, Pezeshki et al., 2021, Mingard et al., 2025], aligning
with Occam’s razor. On the other hand, this same preference
for simplicity often compels models to rely on spurious
correlations and low-level shortcuts [Geirhos et al., 2018,
2020, Shah et al., 2020, Pezeshki et al., 2021]. Because
these non-robust rules are typically “simpler” to optimize,
NNs remain vulnerable to adversarial samples that exploit
spurious covariate shifts [Teney et al., 2022, Vasudeva et al.,
2023].

7 LIMITATIONS & FUTURE WORK

Our framework currently considers candidate models that
exploit strictly disjoint subsets of features, some of which
are perfectly predictive. While this idealization enables a
clean theoretical analysis, real-world tasks typically involve
multiple partially predictive features that contribute to label
prediction, interact with one another, and may not be neatly
separable. In such settings, the compression trade-off is
richer: the MDL-optimal learner may blend several features
simultaneously rather than transition sharply between them,
and the notion of a single “dominant” feature may not hold.
Extending the framework to predictors that handle multiple
partially predictive features would bring the theory closer
to realistic settings and enable the study of more nuanced
generalization failure modes.
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A PREQUENTIAL CODING DETAILS

Prequential coding is a category of universal coding schemes that builds on the idea of sequentially using past data to encode
future data as it arrives. In this scheme, assuming the prior knowledge of a learning algorithm L (architecture, optimizer,
initialization scheme, etc.), we recursively encode a label yi using entropy coding derived from a parametric conditional
model pi(· | xi) fitted on the already transmitted labeled data D1:i−1. The total cost of encoding data with prequential
coding is given by:

Lpreq(DN ;L) =

N∑
i=1

− log pi(yi | xi)

With pi ← L(D1:i−1) and p1 an initial predictor defined by L. At the end of the procedure, both the sender and the receiver
share the knowledge of D1:N−1. A final model pN can then be fitted by the receiver using L at zero additional cost. In this
perspective, prequential coding is a program that jointly encodes the data D1:N−1 and the final predictive model pN . We
then estimate the description length of pN alone by rewriting the prequential codelength as follows:

Lpreq(DN ;L) =

N∑
i=1

−
(
log pi(yi | xi)− log pN (yi | xi)

)
︸ ︷︷ ︸

Excess loss

+

N∑
i=1

− log pN (yi | xi)︸ ︷︷ ︸
Asymptotic Loss

Intuitively, the cumulative excess loss incurred before the predictor has converged corresponds to bits spent on describing
the final model pN through LL. In this regard, a simple model is a model that is learned quickly, i.e., that requires fewer
samples to be learned. Visually, the description length of the final model is the “area” under the curve above the asymptotic
loss:

LL(pN ) ≈
N∑
i=1

(
− log pi(yi | xi) + log pN (yi | xi)

)

Block-wise approximation. Computing the exact prequential codelength would require retraining a model from scratch
for every new sample. To make this tractable with neural networks, we use a block-wise approximation. The idea is to only
retrain the model at a sparse set of dataset sizes and use the resulting predictor to encode the following block of samples.

Let 1 = t0 < t1 < · · · < tS = N be a sequence of block boundaries. In practice we use exponentially increasing block
sizes to minimize the estimation error since training loss usually correlates log-linearly with the amount of training data. At
each boundary ts, we train a randomly initialized model on the already transmitted data D1:ts−1. We then use this model to
encode the next block Dts:ts+1−1.

Formally, let p(s) be the predictor trained on D1:ts−1 for s ≥ 1 and p(0) the untrained predictor from L. The block-wise
prequential description length is:

Lpreq(DN ;L) =
S−1∑
s=0

ts+1−1∑
i=ts

− log p(s)(yi | xi), (7)

B INTERMEDIATE MODELS AND THE COMPRESSION ENVELOPE

The construction of the PCL curve in Section 3.2 yields, for each feature type, a single fully-converged predictor pN
with complexity LL(pN ) and asymptotic loss ℓN = E(x,y)∼p∗ [− log pN (y | x)]. However, behind each fully-converged
predictor, lies a whole family of intermediate predictors that rely on some partial information about the feature (e.g. only
the low-frequency geometric patterns of the digit feature). In practice, nothing prevents the learner from selecting one of
those intermediate predictors instead of the fully-converged one. In fact, for the picture to be complete, we need to consider
these intermediate predictors as potential candidates for compression. To this end, we derive a set of intermediate models by
truncating the PCL curve for exponentially large AUC.

Let ℓ(n) denote the prequential test loss of a feature-specific predictor trained on n samples, and let ℓorig(n) denote its
cross-entropy on the original distribution at training size n. For a truncation point Nt ≤ N , we define the intermediate
model pNt

with:



• Model complexity (fixed-cost):

LL(pNt) ≈
∫ Nt[

ℓ(n)− ℓ(Nt)
]
dn

• Compression rate (variable-cost): ℓorig(Nt).

As we approach the fully-converged model, the complexity increases while the compression rate decreases, and as Nt → N ,
we recover the fully-converged model. Each intermediate model defines an affine compression line J (pNt

, N) = LL(pNt
)+

N · ℓorig(Nt), and the MDL-predicted feature at dataset size N is determined by the lower envelope over all intermediate
models across all feature types:

p̂N = argmin
p
(f)
Nt

, f∈F

[
LL(p

(f)
Nt

) +N · ℓ(f)orig(Nt)
]

where F indexes the set of candidate feature types. The feature-type transitions reported in our experiments correspond to
the points where this envelope switches between models derived from different feature types.

C TASK DEFINITION AND SAMPLE GENERATION

Benchmark design: Given a handwritten digit image x, the task consists in predicting whether the digit value is d ≥ 5
(class y = 1) or d < 5 (class y = 0). We use the EMNIST digits dataset, which extends MNIST with a total of 280, 000
samples. Prequential code length being computationally very expensive to evaluate, we intentionally keep the visual task
simple (binary classification on 32× 32 images) due to limited compute resources.

Each sample (x, y, e) is generated according to this procedure:

1. Binary label assignment (robust feature): Given the original digit value d ∈ {0, . . . , 9}, the label is assigned as
y = ⊮[d ≥ 5] ⊕ Bernoulli(pflip), where ⊕ denotes the XOR operation. With probability pflip, the label is flipped,
introducing noise in the digit-label relationship. The digit shape is therefore the causal determinant of the label, and
pflip controls how predictive this robust feature is.

2. Environment assignment: Each sample is assigned to one of two environments using e ∼ Bernoulli(pe), where pe
controls the environment proportion.

3. Color assignment (spurious feature): The digit is colorized based on environment and label. In Environment 0,
y = 0 → green and y = 1 → red. In Environment 1, y = 0 → red and y = 1 → green. The color thus creates a
low-complexity spurious correlation with y; its predictive strength is governed by the environment imbalance pe. When
pe = 0.5, the two environments are balanced and the marginal color–label correlation vanishes. The further pe is from
0.5, the stronger the environment imbalance, and the stronger the marginal spurious correlation between color/digit
becomes. Thus, pe controls the predictiveness of the color feature.

4. Watermark assignment (complex environmental cue): A binary watermark pattern is embedded in the rightmost
pixel column of each image, encoding the environment through two non-overlapping banks of K random patterns (one
per environment). Exploiting this feature requires memorizing all 2K patterns, so the bank size K serves as a direct
control knob on the complexity of this environmental signal. Details of the watermark generation are given below.

Watermark generation We pre-generate two watermark banks B0 and B1, each containing B unique binary vectors of
length b bits (where b = 32 matches the image height). The two banks are guaranteed to have no overlap, i.e. B0 ∩ B1 = ∅.
Each pattern is sampled uniformly at random from {0, 1}b, with uniqueness enforced via rejection sampling. For each sample
with environment e ∈ {0, 1}, a watermark is drawn uniformly at random from the corresponding bank: b ∼ Uniform(Be),
and the rightmost pixel column of the image is set to b.

The bank size B directly controls the complexity of the watermark feature: a model exploiting watermarks must memorize
all 2B distinct patterns and their environment assignments. Small values of B (e.g., B = 2) yield a simple spurious feature
that is easy to memorize, while large values (e.g., B = 50) produce a complex feature requiring substantially more model
capacity to exploit.
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Figure C.1: Example samples from the EMNIST-based benchmark we curated, featuring the three types of features we
presented in Section 2.3: the digit shape (robust feature), the color (simple spurious feature) and the watermark (complex
environmental-cue). The label is determined by the digit value, while the color and watermark are correlated with the label
in an environment-dependent way.

C.1 TASK EXAMPLES

D QUALITATIVE STUDY: EXPERIMENTAL DETAILS

The side-by-side comparison in Figure 2 considers different configurations of Color-MNIST:

Scenario A pe = 0.25, pflip = 0, no watermark. The color feature is simpler but less predictive than the digit feature. The
theory predicts that color dominates at small N before the learner switches to digit as the suboptimal compression rate
becomes prohibitive.

Scenario B pe = 0.5, pflip = 0.15, watermark bank size K = 50. Balanced environments eliminate the marginal color-
label correlation. The digit feature is simpler but noisy (85% ceiling). The theory predicts digit dominance at intermediate
N , with a transition to the watermark-based model at large N .

E TRAINING PROCEDURE AND HYPERPARAMETERS

We train neural networks using standard Empirical Risk Minimization (ERM) with AdamW. ERM aims to minimize
the cross-entropy loss on the training data, which corresponds to minimizing the negative log-likelihood of the model’s
predictions. For all experiments, we use the following training configuration (see Table E.1 for a summary):

Architecture Our predictive model is a simple Multi-Layer Perceptron (MLP) with a featurizer consisting of 2 hidden
layers of dimension 256, followed by a linear classification head. The featurizer processes flattened 32×32 RGB images into
3072-dimensional vectors, uses ReLU activations, and Xavier (Glorot) uniform initialization. We apply no dropout. While
our theory is architecture-agnostic, we restrict this study to simple MLPs and toy datasets due to the extreme computational
cost of prequential code length estimation (each point in the PCL curve requires training a model from scratch until
convergence)

Optimization We use AdamW optimizer with learning rate η = 10−3 and L2 weight decay (regularization) λ = 10−4.
The batch size is set to B = 64 for all experiments. We train until convergence using early stopping with a patience of 3
epochs and a minimum improvement threshold of ∆ = 5× 10−4.



Data Sampling For each dataset size N , we train the model on a random subset of size N sampled from the full training
set. To reduce variance in estimates for small dataset sizes (N ≤ 500), we perform 10 independent runs with different
random subsets and seeds, averaging the resulting metrics over the runs. For larger datasets (N > 500), we use 3 independent
runs per dataset size.

Implementation All experiments are implemented in Python 3.12 using PyTorch 2.9. Training is performed on NVIDIA
GPUs with CUDA 11.8. The source code is available in the complicity repository.

Table E.1: Hyperparameters for the Watermarked CMNIST Experiments

Parameter Symbol Description Values
Environment & Spurious Correlation
flip_prob pflip Label noise probability {0, 0.01, . . . , 0.1}
spur_prob pe Relative proportion of environments {0, 0.02, . . . , 0.2} or 0.5
uninformative_majority — Randomize color in majority env True, False
Watermark Configuration
watermark_bank_size K Distinct patterns per environment 1 to 100 (log-spaced)
watermark_bits b Length of each binary pattern 32
random_watermark — Use random (non-informative) watermark True, False
Image Configuration
input_size — Image resolution 32× 32
Digit — Remove color information True, False
noise_digit — Replace digit with Gaussian noise True, False
Model Architecture (MLP)
n_outputs h Hidden layer dimension 256
n_layers L Number of hidden layers 2
mlp_dropout pdrop Dropout probability 0.0
Optimization
optimizer — Optimization algorithm AdamW
lr η Learning rate 10−3

weight_decay λ L2 regularization 10−4

batch_size B Mini-batch size 64
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